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This paper deals with the problem of designing the control action which
stabilizes the otherwise unstable motion of the controlled object. The
problem is complicated by the limitation on the flow of information in
the feedback loop. The solution is based upon the theory of stability
of motion [1,2]. the theory of the analytic design of control systems
(3] and the theory of controllabhility and observability of linear
systems (4}. A numerical example will be examined.

1. Statement of the problem. We shall consider a controlled
object, the state of which is described by its phase coordinates z,(t)
(t>0, i =1, ..., n). Let this object be confirmed by the directing

influences u;, (j =1, ..., r), subject to the coordinates z; by the
vector differential equation

dz/dt = f[t, z, u] (1.1)

Here f is a given n-dimensional vector function, z is an n-dimen-

sional vector of coordinates {zi}, u is the r-dimensional vector of the
control forces {uj}.

We shall assume that we examine the motion z = z°(t), which follows
from (1.1) when u(t) = 0 and for some given initial conditions
22(0) = Zy, 1.e. we are given the motion z = z°(t) which can accomplish
the objective (1.1) in the absence of the control u, but which can be
subject to the action of other (programmed) forces included implicitly
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972 N.N. Krasovskii

in the function f. Let the motion z = 2°(t),described by equation (1.1)
for u = 0 be unstable in the sense of Liapunov [1, p.20].

The problem consists in the determination of the forces u. which will
stablize the motion z°(t). Moreover, it is required that the system work
according to the feedback principle, i.e. the quantities u; at each
moment of the process must be determined by the continuous state of the
object. The problem considered becomes, therefore, a problem of
analytical design of a control system [3]. We shall assume, however,
that the problem is complicated by the following circumstances. Let us
assume that in the control process, we can measure only the quantities
wy, +.., wy, related to z;, ..., z, by the vector relation

w=@Itz] (e={@) v={w} s={z} k=1,...,Li=1..,n) (1.2)

which cannot be solved unambiguously with respect to z. Therefore the

sought control law must relate the values u; and w,.

Let us define more accurately the formulation of the problem. We
shall construct the equations of the perturbed motion [1, p.21] in the
neighborhood of the motion z°(t).

let x = z - 2°(t). Then (1.3)
:%G =plt,z@),u®l, plt,z,ul=7F[tz+ 2°@),ul—fIl, 2 @),0l]

Condition (1.2) in terms of the variables x and y = w ~ @{t, 2° ()]
takes the form

y=gqltzl, qlt,zl=9lt,z+ 220 —9lt 2° )] (1.4)

If the values of all coordinates x,{(t) (i =1, ..., n) in the control
process could be measured and fed to the regulator, then the problem of
stabilizing the motion * = 0 (i.e. the motion z°(t)) would be for in-
stance formulated as such: find the equation

slum @), ...,u@, t,z@®]=0 (1.5}

such that the motion x = 0, d™1) = ... = u = 0 is asymptotically stable
(1, pp.20,85] by virtue of the equations of the perturbed motion (1.3)
and (1.5)}.

The degree m >0 of equation (1.5) can be given, or it can be deter-
mined by the additional conditions of the problem.

In the case considered in this paper, the given statement of the
problem cannot be used because of the impossibility of a direct measure
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of the vector x(t). Therefore we shall look for the possibility of sta-
bilizing the motion x = 0 for regulators with delay. We shall limit our-
selves to cases in which the regulator is described by an equation of

first order (m = 1). Let us formulate the problem.

Problem 1.1. Find a differential equation with delay
du/dt =Ult,y(tL+8), ul+ 9] (—r<9<0, v=-const>0) (1.6)

such that the motion x = 0, u = 0 is asymptotically stable [5, p.156]
by virtue of the equations of perturbed motion (1.3), (1.4) and (1.6).

In equation (1.6) the coordinates of the r-dimensional vector U, the
functionals Dg[t, y(®), u(9)] are defined for the continuous functions
¥, (%) and uj(ﬁ) (7O <0, =1, ..., r; k=1, ..., 1). The con-
stant T > 0 can be given or it can be specified in the solution of the
problem.

Note 1.1. Inasmuch as the functionals U. depend on the vector
u(t +9), it is assumed that the forces u(t) developed by the regulator
can be measured. It is also assumed that the values y(t) and u(t) can be
put in memory for an interval of time of duration T.

1.2. The expediency of the introduction of the delay in the control
law (1.6) is also substantiated by the fact that only in particular
cases is the stabilization of an unstable motion x = 0 of system (1.3)
possible by means of a control law of the form

du/ di= S [¢t, y (1), u (1)) (1.7)

where the vector y is defined by relation (1.4) which cannot be solved
unambiguously with respect to x (see the example at the end of the
paper, p.1000).

1.3. Problem 1.1 can also have the additional requirement of minimiz-
ing some functional of the disturbed motions x(t), u(t) of system (1.3),
(1.4) and (1.6). Then for instance, the following modification of Prob-
lem 1.1 might arise.

Problem 1.2. Find the differential equation with delay (1.6), such
that the motion x = 0, u = 0 is asymptotically stable by virtue of the
equations of the perturbed motion (1.3), (1.4) and (1.6) and moreover,
such that for the motions x(t), u(t) of system (1.3), (1.4) and (1.6)
the functional

T lto, 70, ug; ul =\ 0 12, 2 (1), u (1), u® (] dt (1.8)

0

-~
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is minimized for all sufficiently small perturbations x(t ) = Xg,

u(ty) = u, for every t > 1. Here olt, %, u, u'V’] is a given analytic
functlon of x, u, u') (for every t >1), positive definite with respect
to x, u, ull (1, p- 80); it is also assumed that the control process
with respect to the equations (1.3), (1.4) and (1.6) begins when t = 0
(V) = du/dt).

In the present paper, methods for solving Problems 1.1 and 1.2 are
considered, whereupon there is a summing up to some extent of some re-
sults pertaining to the theory of the analytic design of regulators and
to the similar problem of stabilizability, controllability and observ-
ability of the controlled systems [3,4,6-9).

2. Statement of problem in linear approximation. Let the
vector functions plt, x, u] and q[t, x] in equations (1.3) and (1.4) be
differentiable with respect to x and u. Then

de/dt =P @)z + B (t)u + v [t, z, ul, y=0@®z+vItz] (21)

Here P(t) is an n x n-matrix {pl (t)}, B(t) is an n x r-matrix
{b (t)} Q(t) an | x n-matrix {q {t) the vector function ylt, x, ul
and vit, x] have at the point x = 0, u = 0 for each t & [0, »), an
order of smallness greater than that of the quantity

n r '
p= [2 2243 u,-2} >0 (2.2)
i=1 =1

We shall assume that for all t >0 the matrices P(t), B(t) and Q(t)
are continuous and uniformly bounded, and we shall also assume that the
condition

[7i L2, z, u)] < ep?, [v; [t, z]| < ep?
(60, p<8, 60, i=1,....n j=1,...1) (2.3)
is uniformly satisfied,.

The linear approximation for the equations (1.3) and (1.4) has the
form

dr/dt =P (t)x+B({)u (2.4)
y=Q@®= (2.9)
Therefore Problem 1.1 is formulated as such in the linear approxima-

tion.

Problem 2.1. Find the linear differential equation with delay
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duldt =W t,y(t +9),u(t+9)] (—r<E<0 (2.6)

such that the motion x = 0, u = 0 1s asymptotically stable by virtue of
the equations of perturbed motion (2.4) to (2.6).

Here W[t, y(9), u(®] is an r-dimensional vector, the coordinates of
which, W [t, y(8), u(®], are linear functionals [10, p.165] determined
from the’ continuous functions y(®), u(®) (- 7<{ ¥ <0) and depending
continuously on t for 0 Kt < o,

Problem 1.2 in the first approximation reduces to the following: let
the function wlt, x, u, u'Y] have an expansion

o lt, z, u, ul} =0y + x = (2.7)

= Z ci; (8) zaw; + Z di; (¢) wiu; + Z di; () wiDu; O +x {¢, z, u, u®] oy +x

i,§=1 i,j=1 i,j==1

where the condition

{-Lea
% [t 2, u, u] <c(§} it St X o) B (130,050 (2.8)
P i=1 i=1
is satisfied for
Z 2+ 2 uj +2 (;(0)2 < 82 (6> 0)
i=1 I

In addition to this, it is natural to assume that the forms
E Cii XX, Edijuiuj, Zeiju,-muj(l)
are positive definite.

Then we have the problem.

Problem 2.2. Find the differential equation (2.6) such that the
motion x = 0, u = 0 1s asymptotically stable on the basis of equations
(2.4), (2.5) and (2.6), and such that, in such a case, for motions of
x(t), u(t) of the system (2.4) to (2.6) the functional is minimum for
all x(ty) = x5, u(t,) =y, and t; >,

Jo {tg, Ty Uy; ul = (2.9)



976 N.N. Krasovskii

={[ 2 lew @z @1+ 3 1 (0 0w 0) + e 0) w® () w0 (9]]

1, b=l ij=1

Note 2.1. The assumption of linearity of equation (2.6) made before-
hand does not reduce essentially the possibilities of solution of
Problem 2.2, since it is known [3] that similar problems of the minimum
of a quadratic functional have for solution a linear control law.

3. Auxiliary definitions and spec ifications. Let C be some
matrix. We shall designate by C*, C[l], C Cl C-! the transposed
matrix of C, the ith line, the ith column, the (i, j)th element, and
inverse matrix of C if it exists, respectively. DBy the symbol X[t , t]
we shall denote the fundamental solution matrix for the equation

dx/dt =P (t) x (3.1)
Then X[t,, to] = E is the unit matrix. It is known [11, p.171) that
equation
d(X—l)*
dt

= — P*(XUy* (3.2)

is valid.

The solution of equation (2.4) is determined by Cauchy’s formula
(11, p.172]
t
z (t) = X [ty t] z () +SX fty, t] X1 [ty, 01 B (8) u (8) d& (3.3)
t
Let T be some positive number. We shall denote by H(t, T, 8] the
following n x r-matrix

Hit,t, =X t,t + ] X [, +3IB(Et+ 9 ¢>00<e<y (3.4
We shall denote by the symbol |’c” the norm of the vector-function

{c,(®} (i=1, ..., k, 0O <)
el = (S[é1 2 (®]ae )" (3.5)
Definition 3.1. Fquation (20.4) satisfies the condition (3.1, 7) if
the quadratic form of the variables A (i =1, ..., n)
||:§;]1xi11m It, v, 81 ° (3.6)

is positive definite (with respect to t).

Condition (3.1, T) plays an important role in the theory of the
controllability of linear systems [4]. This condition means that for



Stabilization of unstable motions 977

every t, the rows H[;] of the matrix H(t, 7, 8] are linearly inde-
pendent vector functions of & (-~ v<C & <(0) and this linear independ-
ence in some sense is uniform with respect to t. We shall call condi-
tion (3.1, 7) strong if it includes, besides the Definition 3.1, the
condition that for every j and ¢ >0 the inequality

2 Aihis [t, v, 01 == 0 for E;& 24 8lmost everywhere for0<# << (3.7)

e 1 o}

is satisfied.
This last condition was met in control problems [12-15].

Let us consider the auxiliary system of equations
dz/dt =P (t)y z + B () u, du/dt = ( (3.8)
Let Z[t,, t] be the fundamental solution matrix of the system
dz/dt =P W)z +B(®)u, duldt=0 3.9)

We shall form for system (3.8) the matrix Flt, =, 8], analogous to
the matrix H, i.e. let

Flt,v, 8l =2 {t,t + 121 [t,t + 8] ”g (1)5.- u (3.10)

where E_ is a unit r x r-matrix.
The following statement, given without proof, is valid.

Lemma 3.1. Let the elements b .(t) of the matrix B(t) have for t >0
continuous and uniformly bounded dernauves b; (1) (t). Then the
fulfillment of condition (3.1, T) for system (3.8) follows from the
ful fillment of this condition for equation (2.4). In other words, from
the positive-definiteness of the form (3.6) follows the positive-
definiteness of the form

ntr
| 2 i i, v, 01), (3.11)
ial

uniformly with respect to t >0.

Note 3.1. If the requirement of uniform boundedness of the deriva-
tives b1 (1) 1s not satisfied, then the fulfillment of (3.1, T) for
(3.8) may not follow from the fulfillment of (3.1, 1) for (2.4). For
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instance the scalar equation
dzx [ dt = b (1) u, b (1) = sin kt for 2k — ) <t < 2kn (3.12)
satisfies the condition (3.1, T) for T = 2w. However, the system
dz [ dt = b () u, du/dt = §
does not satisfy condition (3.1, T) for v = 2w

We shall present sufficient conditions which guarantee the fulfill-
ment of condition (3.1, 7). Let the functions pij(t} and bij(t) have
continuous and uniformly bounded derivatives up to the nth order, in-
clusively, We shall examine the sequence of matrices L (t) (i =1,

.., n) defined by the recurrent relation

L=B0, LO="0—pOL., @ (3.13)

We shall represent by the symbol I[j, t] the n-dimensional vector,
appearing as the jth column of the matrix and we shall examine the
quadratic form

ki3

D (L, 11 1 tDAh (3.15)

i, k=1

where the symbol (l[jk. t] x l[ji, t]) represents the scalar product of
the corresponding vectors,

Definition 3.2. Equation (2.4) satisfies the condition (3.2, 7) if
on each interval t, < t < t, + 1 (¢, >>0) at least one point t = t* can
be found, for which there exists a set of numbers j,(k =1, ..., n),

(1<j,<n x r) satisfying the condition

n

SV UL, 1L, L D) Mk > 2 A8 (3.16)
i=1

i k=1
where the value u > 0 does not depend on t; and t*.

The following statement which follows from known results of the theory
of the controllability of linear systems [4] is valid.

Lemma 3.2. The fulfillment of (3.2, 7) for equation (2.4) is a suffi-
cient condition for the fulfillment of (3.1, 1) for the same equation.

Note 3.2. The set of numbers j, can depend on t, and t*. If the in-
equality (3.16) is satisfied in the strong sense, i.e. for all ¢* >0
and for each set of numbers J 4., (= 0, ..., n—1; iFL, ..., T,



Stabilization of unstable motions 979

then (3.1, 7) is satisfied in the strong sense for equation (2.4) (see
p. 976). A condition analogous to condition (3.2, T) was introduced in
[12] for the stationary case, in the form of the independence of the

]

vectors B[j W e P"‘IB[j] as a "common state" condition when the
optimal time response problem was studied,

In [4], the common state conditions were considered as conditions of
controllability of linear systems. In [16] conditions similar to (3.2,7)
were used for the study of the local controllability of nonlinear
systems. In [17] the strong condition (3.2, 7) was used as a sufficient
condition of controllability and of continuous dependence of the para-
meters of the time optimal control in nonstationary linear systems.
Conditions of type (3.2, T) and strong conditions of type (3.2, T) play
an important role in the theory of optimal control (see [13] and other
works on optimal control).

We shall also mention [8,9,18-22], where the strong conditions (3.2,
T) were used for the solution of problems of analytical design of con-
trol systems with first order approximation, for the solution of prob-
lems of stabilizability of stochastic systems, in the study of problems
of controllability and of fast response of nonlinear systems in linear
approximation, in the investigation of the discontinuous character of
the control for optimal time response in nonlinear systems, and in the
problem of stochastic pursuit.

We shall give a few more definitions and notations which will be
necessary further on when the problem of prediction of the controlled
object will be used (see p.986).

Let T be a positive constant. We shall examine the ! x n-matrix
G[t, T, 8] expressed in the following manner with the matrix Q(t) (2.5)
and the fundamental matrix X[to, t] of equation (3.1)

Glt,t,?) = Q [t + 81 X [¢, ¢t 4 O] t>v, —r<E<0) (3.47)

We shall denote by the symbol IIC”_T the norm of the vector function

{c, M} (i=1, ..., k) (- 1<H<0)
0k y
el = (§ [ Ze2 @] at)" (3.18)
-t i=1
Definition 3.3. Equations (3.1) and (2.5) satisfy condition (3.3, )
if the quadratic form of the variables A; (i =1, ..., n)
n ) 2
| S a6 12, 7, 81 (3.19)
i=1 -1
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is positive-defipite (with respect to t).

Condition (3.3, T) plays an important role in the prediction theory
for linear systems [4].' Condition (3.3, 7), according to this theory,
appears as a duplication of the condition of controllability (3.1, T)
(see p.976).

We shall call strong comdition (3.3, 7) that condition which includes
in addition to Definition 3.3, the requirement that for every ; and for
t > 1 the inequality

Y higii It 8140 when D) A2£0 (3.20)

i=1 i=1
is satisfied almost everywhere for - 7 < ¥ < 0.

We shall establish the sufficient conditions which guarantee the ful-
fillment of condition (3.3, 7).

Let us assume that the functions p .(t) and qij(t) have continuous
and uniformly bounded derivatives up to the nth order, inclusively. We
shall examine the sequence of matrices R (t) (i =1, ..., n) defined
by the recurrent relation

aRr, ,
R, ()= 0Q), Ri(t)= —— + R, QP (3.21)

Let r[j, t] be the n-dimensional vector representing the jth line of
the matrix

Ry (1)
Rn(‘)

and let us examine the quadratic form

D7 U t1or Uy 1) Mihae (3.23)
i, k=1
Definition 3.4. Equations (3.1) and (2.5) satisfy the condition (3.4,
1) if on each interval t, — 1 <t < ¢, (t, 2> T) at least one point t=t*
can be found such that there is a set of numbers j, (k =1, ..., n)
1<{j,<Xn x I, which satisfies the condition

* Kalman, R.E., New methods and Results in Linear Prediction and
Filtering Theory. RIAS. Technical Report, 1, 1961,



Stabilization of unstable motions 981

S Gpt*lr i, * DAk >p A2 (0>0  (3.24)

i, k=1 i=1

The following statement, which follows from the results of the pre-

diction theory for linear systems [4] and appears as a duplication of
Lemma 3.2, is valid.

Lemma 3.3. Condition (3.4, T), satisfied for equations (3.1) and
(2.5), is a sufficient condition for the fulfillment of (3.3, T) for
these equations.

Note 3.3. In this section references were made to some works related
to the controllability and prediction theory for linear systems, and
having a direct relation to the problems considered in this paper. The
problems of controllability and prediction have, however, an extremely
large bibliography which was not mentioned in the survey made above., We
shall mention in connection with this [23,24], where efficient methods
for the solution of problems of control and prediction are described, and
also [25], where the problem of stabilization of mechanical systems by
dissipative forces is considered. The character of the present paper

does not, however, assume a sufficiently complete survey of the pertinent
literature.

4. Solution of the problem in linear approximation. We
shall examine Problems 2.1 and 2.2. The following statement is valid.

Theorem 4.1. If conditions (3.2, 7) and (3.4, T) are satisfied for
equations (2.4), (2.5) and (3.1), Problems 2.1 and 2.2 have a solution.
The sought control law (2.6) has the form

0

F=A0u0+ | WEOye+o)+M@ Hu@+oldd (1)
where the matrix functions A, N and M are continuous with respect to
their arguments and are uniformly bounded with respect to t. Then the
motion x = 0, u = 0 will by asymptotically stable [5, pp.174,191], on
the basis of the equations of the perturbed motion (2.4), (2.5) and
(4.1) depending upon the moment t, of the initial disturbance and upon
the initial displacements x°(t0 +19), u°(t0 +8) (- << O0<0), 1.e.
the inequality

i=1

(t>t, a >0, B=const >0)

i=1

Dzt (1) + Nup (@) <Pe= Wsup, [ Nty +8) + Du o+ )] (4.2)
i=1 i=1
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will be satisfied.

The calculation of the elements a,;-(t), nij(t, ¥) and mij(t' ¥) of
the matrices A, N and M with the required precision reduces to the de-
termination of the fundamental matrix X[to, t] of equation (3.1), to
the solution of systems of linear algebraic equations and to the solu-
tion of Cauchy’s problem for a system of ordinary differential equa-
tions for some known initial conditions.

Note 4.1. From the conditions of Problems 2.1 and 2.2, we can limit
ourselves to the determination of equation (4.1) only for t > 7. Thus
we shall solve these problems assuming that in fact the control u(t)
which enters equation (4.1), was working in Problem 2.2 for 0 < t <
ty =T, and that in Problem (2.1) the functions u(t, + 4), x(t, + 4) can
be considered as given arbitrarily and independently (tg >7T, ~T<<P 0.
In case of necessity, it can be assumed that equation (4.1) found for
t > 7, is extended continuously and in any possible manner until ¢t = 0,
and it can be assumed that the initial disturbance x(%), u(®) is given
independently (-~ 7 <% < 0). Problem 2.1 has many solutions; its solu-
tion in the form of equation (4.1) is obtained from the solution of
Problem 2.2, and gives in its calculation, apparently, a minimum of com~
puting difficulties.

We shall present a discussion, proving the validity of Theorem 4.1,
and showing the method of calculation of the elements a, , ny; and m;
of equation {4.1). In agreement with Note 4.1, we shall éegin by solving
Problem 2.2.

We shall examine the auxiliary problem of the analytical design of
an optimal control system.

Problem 4.1. Find the control law [ = {°[t, x, u] which provides an
asymptotic stability for the motion x = 0, u = 0 on the basis of the
equations of disturbed motion

dz/dt =P () x (&) + B (t)u (1), du/dl = ¢ (4.3)

and such that the control { = [°[t, x, ul gives the minimum value of
the functional

J2 Itm xoy u(); c] == (44)

I

U S fes@a 0 014+ 2 1dy @ us (0w (1) + e () L0 & (0] ] e

R ti=1

for all initial conditions ty,=>0, x(ty) = xy, ulty) = uy in the class
= of continuous admissible controls { = {[t, x, ul.
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In order to solve Problem 4.1, it is sufficient [3,6,8.26] to find
some functions v°(t, x, u) and [°(t, x, u) satisfying the following con-
ditions:

1. The function v°(t, x, u), positive-definite with respect to x and
u has an upper bound and increases uniformly indefinitely [5. p.36]
when (x, u) - o,

2. The derivative (dv®/dt; (4.3), ) of the function v° for a fixed
control { along the motions x(t), u(t) satisfies the condition corre-
sponding here to the optimal principle [27. p.177]

n

(%,:_0; (4.3), Co) =Z o (1) zx; + 2 ld;; (® uu; + e; () §i°§j°] = (4.5)

i, j=1 i,i=1

~ ming {(%; (4.3), g) + D) e (0 mz; A+ D) Idy () wy + e (0) L) } =0

i,j=1 i, =1
(for { € = for all x, u, t >0).

Then {° is the optimal control and equation

J3 [t5, Tos ug; $°1 = 0° (L, 24y uy) (4.6)
is valid.

The function v°(t, x, u) must be sought in the form of a quadratic
form of the variables LY "k(i =1, ..., 0 R=1, ..., 1)

»° (‘1 z, u) = v’o (tv z, "') (4'7)

where the coefficients ajs(t) (=1, ..., nt+tr; s=1, ..., n+ r) are
time dependent. From equation (4.5) follow the equations [3,4,22] for
the coefficients “js(‘)

da,-a (t)
—ar =i [t {2, , O}] (4.8)

where the §js are polynomials of second order in “uv‘

As a consequence of Condition 1, one should seek the solutions a«
of equations (4.8), bounded uniformly for ¢t >0 and such that the form
v2(t, x, u) (4.7) of z and u is positive-definite with respect to t.

The statement deduced from the results mentioned above (see Section
3) is valid.

Lemma 4.1. If equation (2.4) satisfies condition (3.2, 1) Problem
4.1 has a solution. Then the optimal control [° has the form
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Ll lt, z,ul = th(t)xl+ 2 Ty (O) 85 (k=1,...,7) (4.9)

i=1

where the functions P (t) and Ykj :(t) are continuous and uniformly
bounded with respect to t =0.

We shall give the proof of Lemma 4.1. According to Lemma 3.2, the
realization of condition (3.1, T) for equation (2.4) follows from the
realization of condition (3.2, T) for the same equation. According to
Lemma 3.1, condition (3.1, T) for system (4.3) follows from (3.1, T)
for (2.4). Thus, system (4.3) satisfies (3.1, 7). According to the
theorem on the controllability [4] and the estimates [21] this means
that system (4.3) is uniformly controllable by actions g on each inter-
val T, i.e. for any initial condition

n r
to >0, z(ty) = zor u(te) = up D i+ D e <t (4.10)
=1
it is possible to give a control [*(t) (t05€ t <§t0 + T) which brings
system (4.3) to the state x = u = 0 at the instant t = ¢, + 1. Thus the
quantity

Jﬁt [tOv Toy Ugs g*] = (4'11)
to+T n r
= S {[ 2 e (1) x; (1) = (t)]+ 2 ldi; (2) u; (8) w; (8) + €55 (1) §* (1) &;* (:)]} dt

ty i, j=1 i, j=1

is uniformly bounded with respect to ty >0. It is deducted from there
[22. p.228; 28, p.39), that there are solutions {aJ (t)} of equation
(4.8) bounded on each interval 0 <Xt <X T and satisfying the initial con-
dition

al (T) =0 Gos=1,..,n+0n (4.12)

From the uniform boundedness of ajZ(t) (0<t<T, T< o resulting
from the boundedness of the quantity (4.11), it can be established by a
limiting process that the sought solution {ajs(t)} of equations (4.8)
which guarantees the fulfillment of Condition 1 for v2°, exists and is
determined by the equality

i () = lim aj, T (y as T — oo (4.13)

Similar limiting processes are considered in the framework of the
problem of the stability of Ricatti’s equation [4].In the usual case,
the limiting process (4.13) is considered in detail [29] in which the
method of solving the problems of analytical design of control systems
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on electronic models or ondigital computers is also evolved on the same
basis (see the example at the end of the paper)®*.

Thus, under the conditions of Lemma 4.1, it is possible to find func-
tions »© = v,° and { = (© satisfying equation (4.5). The function
g°[t, x, u] is determined after the determination of v2° from the equa-
tion

r

ai; {(d;;:" ;o (43), C) + iéleﬁ ® gigj} =0 (4.14)

From (4.14) and from the properties of ajs(t) established earlier,
there follows that the control §° has indeed the form (4.9). Finally,
the uniform asymptotic stability of the linear optimal system (4.3)

dr/dt =P () x+ B (}) u, du/dt =° [¢t, z, u] (4.15)

i.e. the fulfillment of the inequality

r r

n r
Moz + X uP < (Z 2 (t) + ) u? (to))ﬁe_“(t_") (4.18)
i=1 i=1 i=1 =1

(@ >0, > 0— const, t > 1)

follows from the remark that system (4.15) has [30, p.310] & positive-
definite Liapunov function v = v2° having by virtue of that system a
negative-definite derivative

(%?2@$£)=—{Zcﬁwqg+-2}@ﬂow%+ Zeﬁgygﬂ

t,i=1 i,j=1 i,j=1

Thus the validity of Lemma 4.1 is verified.
We shall examine now the auxiliary problem of observation.

Problem 4.2. Find a linear operator Y(l)[t, y(®), u(®)] defined for
t > for continuous vector functions {y.($)} (j =1, ..., D), {us(ﬁ)}
(s =1, ..., r) and satisfying for the solutions x(t), u(t) of equations
(2.4), the condition

2 () =Yg [ty (¢ +0), u( + 0 (4.17)

* Let us point out that for periodic P(t), B(t), and 91 the functions
ajs(t) become periodic.
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The following statement is valid.

Lemma 4.2. Let system {3.1) and (2.6) satisfy condition (3.4, 71);
then Problem 4.2 has a solution, and in (4.17) the operator Y ,, can be
constructed as

Yo Ity 0,2 @)1= { (Y ¢, 0)y @) + K ¢, ) u(®) dd  (4.18)

where, consequently, the n x l- and n x r-matrices Y and K have elements
yij(t, 4), kij(t, #) continuous and bounded for t Z>T.

The validity of Lemma 4.2 is found from the results of the general
prediction theory for linear systems [4}. We shall give the proof of
lemma. Let us consider first one more auxiliary problem.

Problem 4.3. Find the n x l-matrix V(t, &) defined for ¢t > T and
satisfying the condition

0

~

g = S V{t, 8) G [, x, 8] %40 (4.19)
—T
where the matrix G is defined by the equality (3.17) and x is an arbi-
trary n-dimensional vector.

In presence of conditions (3.3, T) Problem (4.3) has a solution [4}.
and consequently, according to Lemma 3.3, ﬁhis problem has also a solu-
tion when conditions (3.4, T) are satisfied. The matrix V(t, 8) can be
sought in the form

Vi (& 9) = A* () G* [, 7, 8] (i=1,...n) (4.20)

where A* (i) is a constant n-dimensional row vector. From (4.19) and
(4.20) follows the equation for A*(i)

0
653- = M (i) S (G* {t,z, 9] G 2, <, ﬁ})[i]dﬁ 4.21)

where §.. = 1 and aij =pfor i#j, i=1, ..., n; j =1, ..., n. The
determinant A(t) of the n x n-matrix

(]
gc*ﬂdﬁ

for conditions (3.3, T) and uniformly for ¢t > 7 satisfies the inequal-
ity

A | > e (2 >> 0 = const) (4.22)
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There follows that equation (4.24) can be solved and that the sought
matrix V(t, 0) determined by the equality (4.20) will have continuous
and uniformly bounded elements ”ij(*' 4.

The solution x(t) of equation (2.5) has the form (3.3). From (3.3)
we obtain the equality

[1] 1]
SV(t,ﬁ) Q[z+ﬁ}x(t+ﬂ)dﬁ:§t’(t,ﬁ) Qit+o1X[t+o]xz()ad+

1] 8 -
+ S{V(f,ﬁ)Q[t+0lSXIt,t+0]X" {t, e+ 01 B (t+ ) u (¢ -+ ) dn} d
-— Q

or from (2.5) and (4.19)

0
S Vi, 0y (t+ 9)dd = (4.23)

T

0 &
=z ()+ S {Swt, 8) Q [t4+0] X [t, t-+0] X1 [¢, t+n] B () u (t++) én}dﬁ
—t @

Changing the order of integrations on the right~hand side of (4.23)
and replacing n by & , we obtain

1] o &

== veove+romt+{ {{ venee+nxine+nam} x

— —r

X X1 [t,t+ﬂ]£§(:+0)u(t+ﬁ)dﬁ

If we write

Y8 =V(d (4.24)
&

K, 8 = {S V(t,n)Q(t+n)X[t,t+ﬂldn}X‘1 [, t +81B (-9

we obtain the operator Y(l) (4.18) which satisfies the requirement of
Lemma 4.2. This verifies the validity of the lemma.

Note 4.2. The solution of Problem 4.2 is not unique. The solution de-
scribed above, resulting from [4] and leading to the solution of the
linear equation (4.21) gives, apparently, some swmall computation diffi-
culties. However, from the conditions of the problem, it might appear
to be expedient to seek the matrix function V(t¢, 4), determining the
operator Y(l) by the equalities (4.24), in the form of discontinuous
functions, i.e. as a matrix with piecewise constant elements vij(t. 4),
or as an impulse-matrix. This might lead to a simpler synthesis of the
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system. Such solutions can be obtained if, for instance, the results of
{21] are used in the solution of Problem 4.3. We shall examine briefly
the case of I = 1 in order to simplify the calculations. We shall first
seek the matrix V(t, 4), i.t. in the present case (for [ = 1) an n-
dimensional column vector V l](t, 4y = {v(t, 8)} in the discontinuous
form. The matrix G[t, T, ®) is for I = 1 a row vector G[l][t, T.‘ﬁ] =
{g;(t, )} (i =1, ..., n). According to Problem 4.3, it is necessary,
thus, to find the vector {”i(t' 0)} having a discontinuous~type character
with respect to ¥ for — T <{# < 0 and satisfying equation (4.19), i.e.
here, the equation

.......

dd (4.25)

From (4.25) we obtain n systems of linear equations

0
8y = S g;(t, §) v (1, 9) ab (G=1,..,n i=1,.,n) (4.26)

We shall examine the ith system and we shall look for the solution
”io of equations (4.28) which satisfies the condition

max (| v;° (f, 9)| for — 1< ¥ <0) = min (4.27)

The solution of the problem (4.26) and (4.27) exists for every i when
conditions (3.3, T) are satisfied (and is therefore of the discontinuous
type [14}). We shall assume, however, that the matrix G[t, T, o] satis-
fies condition (3.3, t) in its strong sense (see p.979). For this, it is
sufficient that condition (3.23) of Definition 3.4 be satisfied for all
t* € [0, ®]. Then the solution v,%(t, #) of the problem (4.26) and (4.27)
is unique and is defined by the equality

n
¥i° (¢, §) =« sign (2 2,%; (2, ﬁ)) (—e<<EO
j=1

where «, Ajo are solutions of the problem

Substituting into (4.24) the discontinuous function V which was found,
we shall find an expression for K, which in many cases can be simpler
than in the case of the continuous function V which was considered
earlier,

{1]

We shall now seek the function V in the form of a matrix with



Stabilization of unstable motions 989

impulse elements

v (6 9) = D) 0F (08 (0 — 7, (1)
k=1

where § represents the S-function. For that purpose, we shall seek [21]
the elements v, (¢, ©®) satisfying equations (4.26) in the form

0
8, = S g;(t, By dn; (1, 9) (dn; (t, ) = v; (2, B) a9) (4.28)

—T

where dﬂg is the measure of Stieltjes; we shall also require

0
S | dn; (¢ 8) | = min (4.29)

The solution vi° of the problem (4.28) and (4.29) is determined from
the condition

22 (6, 9) = D) 4, () 8(®—x,7 (1) (4.30)
k=1

where o = EI aki[ is the quantity

-1 — min, [max,, (,2”} Aig; (2, ) [) —r<O< 0)] (4.31)
for X (A ]«33;.) =2 =+1

! are the points ® & [~ T, 0], where the quantity

(Z A (8, D) ]

J=1

and Ty,

reaches its maximum (h.° is the solution of the problem (4.31) and the
number m may depend on ¢ and 1i).

Let the impulse matrix V(:, #) be found by the described procedure,
Then the first component of the operator (4.18) takes the form of the
vector

m(i)

{ Z iyt — (z))} =1 .u.,n (4.32)
k=1

and this can be useful for the synthesis of the system. The second com-
ponent, determined from (4.24), also appears in many cases to be more
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convenient than in the cases described earlier.

It is now possible to carry out the construction of equation (4.1)
and verify simultaneously the validity of Theorem 4.1. For this purpose
it is first of all necessary to substitute into equation (4.15) the
optimal control {° (4.9) found in the solution of Problem 4.1. We shall
obtain a system of the form

(4.33)

de/dt = P (t)z(t) + B (t) u (2), du/dt =P (1) z () + BY ()u (1)

asymptotically stable, satisfying conditions (4.16) and minimizing the
integral J, (4.4). Then, in the second group of equations (4.33), x(t)
should be expressed as a function of y(t +9) and u(t +9) (< ¥ <0)
with the use of the operator Y ,, (4.17) and (4.18). Then we shall ob-
tain the control law in the form of equation (4.1) in which the func-
tions A(t), N(t, ®), M(t, 3) are expressed in a known manner as func-
tions of P(l)(t), B(l)(t), Y(t, ), K(t, 8). The properties of the
functions A, N, M, which are verified by Theorem 4.1 follow from the
properties of P{1), B(1) Y(¢ ©), K(t, ®), established earlier. Now,in
order to conclude the proof of Theorem 4.1 it is sufficient to note that
the closed system

C=POc®+BOu) (4.34)

0
o —a@u@)+ S{N(t, 8)QIt +0lz(t+0)+ M, 0)u(+0)do

satisfies condition (4.2) and the requirement of Problem 2.2 concerning

the minimum of the integral J (2.9), since system (4.33) has analogous

properties; whatever the initial conditions x,(t, +8), u,(t, + 9

(-~ 1< 0 <0) of the system might be, its motion will coincide with some

motion of the system beginning at the instant t = t, + 7.

This follows directly from the method of construction of equation
(4.1) which was described. The validity of Theorem 4.1 is proved.

5. Solution of Problems 1.1 and 1.2. We shall examine first
Problem 1.1 and we shall formulate a theorem on the solution of this
problem on the basis of the solution given in Section 4 by its first
order approximation.

Theorem 5.1. If conditions (3.2, 1) and (3.4, T) are satisfied by
equation (2.4), (2.5) and (3.1) of the linear approximation of equa-
tions (1.3) and (1.4), Problem 1.1 has a solution which can be obtained
from the solution (4.1) of this problem in the case of the linear
approximation 2,1.
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In fact, according to Theorem 4.1, the system (4.34) which can be
constructed for conditions (3.2, 7) and (3.4, 1) satisfies condition
(4.2) and has uniformly bounded coefficients. The system

= plt, 2 (@), u )] (5.1)

%:Aawgy+Swmﬁw@+m+Mﬂﬁma+mmﬁ6&

in which the vector y(t) is determined by equation (1.4) differs from
system {4.34) only by terms whose order of smallness in x(t +®) and
u(t +10) is uniformly greater than the first (see (2.3)). According to
Lemma 33.1 [5, p.191], system (4.34) admits a functional v(t, x(®),
u(®)) which satisfies definitions of the type (33.4) to (33.6) [5,p.192].
This functional retains its properties of a Liapunov function in the
neighborhood of the point x = 0, u = 0 also for system (5.1) and (5.2)
as a consequence of condition (2.3). It follows that the motion x = 0,
u = 0 is asymptotically stable on the basis of the equations of per-
turbed motion (5.1) and (5.2). Thus Problem 1.1 is solved and Theorem
5.1 proved.

We shall examine now Problem 1.2. We shall assume that in the
neighborhood of the point x = 0, u = 0 the vector functions plt, x, u],
q{t, x] and wlt, x, u, Q} from equations (1.3) and (1.4) and from the
functional (1.8) can be expanded in power series with continuous co-
efficients uniformly bounded with respect to t.

Then, under the conditions of solvability of Problem 4.1 in the form
of equations (4.15) and (4.9), which guarantee the fulfillment of con-
dition (4.16), there exists an equation which can be constructed as a
converging power series in x and u

%— =Alt,z (@), u{t)]l= pi () z(t) +BY W) u(t) +
+ ZP,,"' (O z (). . . (@ u() ... k@) (5.3)
kt+i=2,..s h+... i, = k... +k.=k pf‘(t)is an r-dimensional

vector function)

which guarantees the asymptotic stability of the motion x = 0, u = 0 and
the minimum of the functional (1.8) on the basis of the system of equa-
tions (1.3) and (5.3) of the perturbed motion.

This result, concerning optimal nonlinear stabilization, and which
we shall use here, was established first inm £8} for the stationary case
and extended afterwards [9} to the general nonstationary case., The
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problem was solved by the method of Lispunov functions with the use of
some ideas of dynamic programming. V.I. Zubov informed the author that
he has obtained an identical result for the nonstationary case by using
the classical calculus of variations,

In order to solve Problem 1,2, one more result related to the pre-
diction problem for linear systems will be necessary. A detailed
analysis of this last problem is beyond the scope of the present paper
and will be studied in a separate work. We shall give here only the
necessary result for further use.

We shall examine the nonlinear problem, analogous to Problem 4.2 of
linear prediction.

Problem 5.1. Find the operator Y[t, y(®), u(®)] defined for t >t
for the continuous vector functions {yj(ﬂ)} G=1 ..., D, {u,®}
(s =1, ..., r) which lie in a sufficiently small neighborhood of the
point x = 0, u = 0 and satisfying for the solutions x(t), u(t) of equa-
tion (1.3) (which lie in that neighborhood) the condition

z(®) =Y [t,y@t+9),ul+ 9]l (5.4)
where the vector y{t) is related to x(t) by equation (l.4).
The following statement is valid.

Lemma 5.1. Let system (3.1) and (2.5) of the first order approxima-
tion of equations (1.3) and (1.4) satisfy condition (3.4, 7). Then
Problem 5.1 has a solution. The operator Y which is sought can be con-
structed as a series

Y 1ty (®), u @)1= 3] Yuolt, y (8), u () (5.5)

k=1

The first term of the series (5.5) can be chosen identical to the
operator Y(,,, which is constructed for Problem 4.2 according to Lemma
4.2. The other terms of the series (5.5) will then be determined from
the systematic solution of the system of linear algebraic equations
where the kth term of the series has in the neighborhood of the point
x =0, u =0 the kth order in x and u.

The following statement follows from the results which were found.

Theorem 5.2. Let equations (2.4), (2.5) and (3.1) of the linear
approximation of equations (1.3) and (1.4) satisfy conditions (3.2, 7)
and (3.4, 7). Then Problem 1.2 has as a solution in the form of the
equation
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duldt = U [t,z(t + 0. u(t+ 8] (5.6)

the right-hand side of which is constructed in the form of a series

which converges in a small enough neighborhood of the point x = 0, u=0.
The linear approximation of equation (5.6) can be chosen in the form of
equation (4.1) which solves Problem.1.2 in a first order approximation.

In order to be convinced of the validity of Theorem 5.2, it is suffi-
cient to choose as equation (5.6) the equation

du/dt=A1It, Y [t,y @+ 9),u(t-+ 8, u@l (6.7

in which the vector function A is determined by the right-hand side of
equation (5.3), the operator Y is determined by condition (5.4) and the
vector y(t) is related to the vector x(t) by equation (1.4).

We shall conclude here the discussion of the possibility of a solu-
tion ii- the nonstationary case of Problems 1.1 and 1.2 on the basis of
their first order approximation.

6. Solution of Problem 1.1 in the stationary case. The
solution of Problems 1.1 and 1.2 in the stationary case, i.e. in the
case in which the functions p, ¢ and o of (1.3), (1.4) and (1.8) or
their first order approximations P, B, Q, @(y) do not depend directly
on time t, are obtained naturally as consequences of Theorems 5.1 and
5.2 formulated in Section 5 for the general case. However, it is
possible to give here some sufficient conditions of solvability of prob-
lems more general than those which follow directly from 5.1 and 5.2, We
shall consider first the direct consequences of Theorems 5.1 and 5.2.

Let the matrices P, B, Q and the gquadratic form B have constant

coefficients Pij» b T I

ijr 9ij i) ij* %ij-
Definition 6.1. Equation (2.4) satisfies condition (6.1, 0) if there

exists & set of numbers j, (k¢ =1, ..., n; 1 <Jp <n x r) for which
the vectors l[jk} are linearly independent.

Here the vectors l[j] are columns of the matrix (3.14) whereby the
matrices Li in the stationary case have the form

L, = PB {6.1)

Definition 6.2. Equations (3.1) and (2.5) satisfy equation (6.2, 0)
if there exists a set of numbers j(k =1, ..., n; 1 j, <nx ), for
which the vectors r[jk} are linearly independent.
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Here the vectors r[j] are rows of the matrix (3.22), whereby the
matrices Ri in the stationary case have the form

R; = Qp1 (6.2)

Consequence 6.1. If the stationary equations (2.4), (2.5) and (3.1)
of the linear approximation for equations (1.3) and (1.4) satisfy con-
ditions (6.1, 0) and (6.2, 0) Problem 1.1 has a solution. Egquation (4.1)
which determines the control law in the linear approximation, can be
chosen stationary. If the functions p and q of equations (1.3) and (1,4)
do not depend directly on time, then the nonlinear control law (5,2) can
also be chosen stationary.

Consequence 6.2. Let us assume that the stationary equations (2.4),
(2.5) and (3.1) satisfy the conditions (6.1, 0) and (6.2, 0). Then
Problem 1.2 has a solution. If the function @) does not depend
directly on time either, the linear approximation (4.1) of the optimal
control law is also stationary. If the functions p, g and © in (1.3),
(1.4) and (1.8) do not depend directly on time, the nonlinear control
law (5.6) is stationary.

We shall now examine Problem 1.1 in the stationary case, and we shall
formulate for its solvability a criterion which will take into account
the known structure of the solutions in the stationary case of equations
(3.1), in a manner similar to the one used for problems of analytical
design of control system in l6].

We shall denote by the symbol L[j , ..., j ] (m<(r) the linear sub-
space of the n-dimensional vectors ltjk +s] (R=1, ..., m 1 SJj,Sr;
s=0,r, 2r, ..., (n-1)r). The symbol R[1, ..., n] will denote the
linear sub-space generated by the vectors rljl (j =1, ..., nx 1), i.e.
R[1, ..., n] is a sub-space generated by all the row vectors rlj] of the
matrix R (3.22). We shall denote by the symbol K,, some direct comple-
ment to the n-dimensional vector space of the original sub-space K_ of
the matrix P generated by those of its eigenvalues which have negative

real parts.

In the case of a simple structure of P, the sub-space K+a is a direct
complement of the sub-space K_ generated by the eigenvectors of the
matrix P, which correspond to the roots p; with negative real parts of
its characteristic equation

|P—pE|y =0 (6.3)

In the general case, K+0 is a direct complement of the sub-space K_
of the initial conditions X which generate those trajectories x(xo,t)
of equation
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dz | dt = Px (6.4)

which converge towards the point x = 0 for t - o,
The following statement is valid.

Theorem 6.1. Problem 2.1 can be solved if a set of numbers Jyreeosdp
can be found such that the enclosure

KoCLIjp-.0jimlCRI,. .. nl 6.5)

1s valid.

The control law, which stabilizes the object (2.4), can be chosen in
the form

98— Au(t)+ S{N(ﬁ)y(t—l—ﬁ)—i—M(ﬁ)u(t—i—ﬁ)}dﬁ (6.6)

for which A is a constant matrix, the matrices N and M are continuous
and T is an arbitrary chosen positive number.

We shall give the proof of the theorem. It is then sufficient to
examine the case for which L[jl, ey jm] does not coincide with the
whole space x; (¢ =1, ..., n) because in the opposite case Theorem 6.1
follows directly from Consequence 6.1. Now let us assume that the dimen-
sion of L[jl' ey jm] is smaller than n. The proof of Theorem 6.1 is
made in a similar manner to the proof of Theorem 4.1 with only some
singularities which we shall mention here only briefly. First of all we
shall make the linear transformation

z = Dz, (6.7)

which yields the coordinates x, (1] controlled by the actions u. ik (k =
vee, m). (A detailed analysis of the transformation (6.7) exceeds the
frame of this paper.) The transformation (6.7) is chosen such that in
the new coordinates x = {x [l]. x [2]}

*
into the system *

equation (2.4) is decomposed

dz 1 dz 021 (21
o— =Pyt P+ By, g Lo @WT=0 ©8
where zx [1] is an s-dimensional vector, u.[l] an m-dimensional vector

{"k}' x [2] is an (n -~ s)-dimensional vector, the matrix P(s) has only
eigenvalues with negative real parts, and equation
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dz,1 [ dt = Pz + Bu,t (6.9)

satisfies condition (6.1, 0). The decomposition of (2.4) into (6.8) is
possible because of the left enclosure (6.5). An analogous transforma-
tion is made in [6]. (We shall note that in [6)

there is an inaccuracy, pointed out by Zubov: in Y
the transformation of the form (6.7) some terms
are omitted. This inaccuracy in the proof in [6]
can, however, be corrected.) As & consequence of
(6.1, 0) system (6.9) can be stabilized by the
control

du M/ dt = Py,°2, 1 (1) + By u M (1) 6.10) |

solved with the auxiliary problem 4.1. On the u
other hand, it can be verified that the right A
enclosure (6.5) guarantees the fulfillment for _,/f
equations (2.5) and (3.1) of conditions for

which it is possible to find an operator

Y, (y(®. u(®)] satisfying the condition

Fig. 1.

x.[ll(t) =Y, gyt +®,ut+ 0l =
0

= S Fe@®y(+O)+ K @u+dd (>
-t
where y(t) is related to x(t) by (2.5), x(t) and u(t) are the displace-

ments of the system (2.4), and T is an arbitrarily chosen positive
number. It is now possible to verify that the system

dx, 1]
’;: = Pz () + P, a) + By ) + B, ule
dx [2]
’;“ =Pz (1) + BgulPl) (6.11)
du, 1) . ¢ . du,[¥)
=By w0 + | (P Ve )9+ 0+ Kot Oyan, o ——u

—t
where u [2], the complement of u [1] up to the vector u , satisfies all
L ]
the conaitions of Theorem 6.1, which completes the proof of this theoren.

From Theorem (6.1) follows the statement.

Theorem 6.2. If the stationary equation of the first order approxima-
tion (2.4) and (2.5) satisfies conditions (6.5), Problem 1.1 has a
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solution; furthermore, the stabilizing control law can be chosen in the
form of equation (6.6)

7. Example. We shall examine a simple illustrative example. Let us
assume that it is required to stabilize a pendulum in its high, unstable
equilibrium position by means of a moment u(t) applied on its axis. It
is furthermore possible to measure only the deviation y(t) of the
pendulum from the vertical, but neither the derivative y(t) nor the
angular velocity of the oscillations of the pendulum (Fig. 1).

Let ¢ = x), é = x4, Then by normalizing, if necessary, in an appropri-
ate manner the scales of time, coordinates and forces, we shall write
the equation of the perturbed motion of the considered object in the
form

dzy/ dt = =z, dxy [ dt = sinz, 4+ u (7.1)
We shall choose equation (1.4) of feedback signal in the form
y (¥) = sin z, (1) (7.2)

The problem consists in the choice of a control law (5.72)
2
du | dt = au (t) 4 & (@) y () +m® ul+ 8)ad (1.3)
—_T
for which the unperturbed motion xy Txy T u = 0 is asymptotically
stable on the basis of the equations of the perturbed motion (7.1),(7.2)
and (7.3).

Equations (2.4) and (2.5) of the first order approximation for (7.1)
and (7.2) have the form

dry ldt = x5, dag f dt = 2, + 1, ¥ = (7.4)

We shall verify the fulfillment of conditions (6.1, 0) and (6.2, 0).
The vectors 1[1] and 1[2] have the form

1 el
1]’ 1 0 li“‘o“
and, consequently, these vectors are linearly independent. Condition

(6.1, 0) is satisfied (the form (3.16) has here the form Alz + Azz). The
vectors r[l] and r[z] have the form

1,0, (0 (‘1’ é) — (0, 1)

and are also independent. Condition (6.2, 0) is satisfied (the form
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(3.23) is of the type Alg + Azz). Thus Problem 4.1) can be solved. Ve
shall choose the form By as

25e , o
X Wy oy b a4 w? 442
b,
and we shall seek the control ;O{xl, %y, ul
minimizing the integral
g z P
£6sg foms (od 4 ot + 1Y) @
9
5y
for the motions of system (7.4) and
65“,3
Te shall seek an optimal Liapunov function
Zia o .
v- {4.5) and (4.7) in the form
0 Z P% = ayty? - gry® Fagu® (7.5)
20007 0y 2 yayu - 20040750
Fig. 2.

vhere ;s = const. Rquations (4.8) take here the
form (by changing dt into —~ dt, which is convenient in order to use
method {29]) for the calculations (see earlier p.984)

digy § @t = 2040 —ay? + 1, dayg [ dt =0y g — Gy
A0 gy { dt 2= 20045 —~ Qpg® + 1, Aty { df = Ggg F Gy — G gellyy {7.6)
Aegyl dt == 2045 — @y -+ 1, B0y / AL =3 0 yg + Cgy — Gggllpg

It is necessary to find a point of rest {aiQ} of equations (7.6)
(where ddi./dt = 0) for which the form +°2 (for Gij = ai?) is positive-
definite. In the present case it is possible to solve directly the
system of equations obtained from ¢7.8) for daij/dt = 9. ¥e shall’give,
however the results of the calculations made according to method {29]
which is valid for more complicated systems of higher order. An approxi-
mate solution of the problem on the computer MN-7 gave the following

values:
@y o= 1147, Gy — 10,05, a5 = 3.21, 0, = 9.88, 0,5= 4.60, ayy== 4.60

(In Figs. 2, 3 and 4 are given the oscillograms of the corresponding
trajectories of the auxiliary system of equations, having the same point
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of rest a,; . as (7.6.)

J
The calculation made according to method [29] on a digital computer
gives a very accurate value of the quantities “if"'
Diagrams of the transient responses for equations (7.6), calculated
on the computer "Ural 1" are given in Fig. 5. The values aij<t) giving

aijo for ¢t - o are here the following:

a,--11.1333433, @, = 10.1333433, ., — 10.1333433
@y, - 4.6115817,  ass = 4.6115817, @, — 3.1973682

This is by far superior to the accuracy required in practice.
The sought control [® has here the form
L° = — (@371 F Qgyzy +Qpqu) = — (4.6116z, + 4.61162, -+ 3.1974u) (7.7)

Consequently, the equation which solves Problem 4.1 has the form

%:‘ = — 4.61162, — 4.61162, — 3.1974u (7.8)

It is now necessary to consider Problem 4.2. Since the coordinate
xy(t) is known in the linear approximation on account of (7.4) and since
its value can be fed into the control, there is no purpose apparently
for introducing it into the control law (7.3) by means of y(t + {&4). We
shall assume that the quantity x,(t) enters directly the element which
forms u(t). This will only add a term bxy(t) in equation (7.3). Then it
becomes sufficient to represent only the quantity x9(t) by y(t + )

(- T <<¥<0), i.e. it is necessary to seek in Problem 4.2)an operator
Y(l) for which

z3 (1) = Y(l) ly(t+, u(t+ ®) =
0 12 a,

= S (Y®) y (t+0)+K®) u (¢ + )} b
2 (1.9)

where Y(#), K(®) are scalar func-
tions which do not depend direct-
ly on time, on account of the
stationary nature of equation
(7.4). The fundamental matrix
X[t, ¢t +9] of the solutions of
equations (3.1), i.e. in the pre-
sent case of equation

dxy dxs

—_—_ = T3, —_ ==X

dt dt
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has the form

X[t t + 8] — o0 ““"0) 71
[, ¢ + 8] inh®  cosh® (7.10)
Let us choose T = 1, Then Problem 4.3 is transformed into the prob-

lem:

Find a function V(& (- 1 <¥# << 0) satisfying condition

[
Ty = S V (§) (xgpcomnd + 249 sinn ) O
21
or
i L]
0 = \ V (§)cosh 8490, 1= \ V (8)sinh 020 @.41)
-1 2
According to (4.20) it is necessary to seek V() in the form

V (8) = Aycosh® -+ Ay sinn (7.12)

From (7.11) and (7.12) follow the equations for hl and Az
0

0
Ay \com? (8) d + 2, § cosh  sinh §d@ = 0

- Y
~1 —1

sink? §d0 = 1 {7.13)

LIl T

0

M com (8)san (8) a8 + A,

—1 =

Hence A, = 7.358, A, = 4.329. Then, in accordance with (4.24), we
conclude that the operator (7.9) is determined from the functions

—

Y (§) = 7.358cosh® - 4.329sinn® (7.14)
8
K@ = S {(7.358 coshm) + 4.320sinh ) sink ( — )} d
—1

By comparing (7.8), (7.9) and (7.14) we come to the conclusion that
the stabilizing control law in linear approximation has the form

0
’?ali_ = — 4.61162, () — 3.1974u (1) — 4.6116 ﬂ {(7.35800;1:& +
-1

8
1 4.3295m0) 2, (2 -+ 0) + {\ {7.35800s0 + 4.320 sinhn} sinh (1) — ©) dnu(ﬁ)}dﬁ
1

The closed nonlinear system will be described by equations (7.1),
{7.2) and
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[\]
W _ 46116 y (£) — 3.1974u (1) — 4.6118 S {(7.358m1‘} +4.3295i00®) y (¢ + ©) +
-1

[ X ]

+ u(d) {(7.358co:h1] + 4.329siabn)} sinb(n — ©) d'q)} a0 (1.15)

—1

We shall rote that the stabilization of the system (7.1) by means of
equation

‘%‘:_ = au () + bz, (1) (7.16)

is not possible here, since the characteristic equation

—p { 0
b OQa—p

of the system (7.4) and (7.16) for any choice of constants a« and b has
roots with a positive real part, and consequently the corresponding non-
linear system would also be unstable for any addition to (7.4) and (7.186)
of nonlinear terms in y(t) and u(t). This substantiates here the neces-
sity of introducing a delay into the control law (7.15), if it is
assumed, as was done in the formulation of the problem, that it is not
possible to measure directly the quantity y(t) (or ¢(t)) (on account of
the presence of a disturbance of high frequency, for instance).

The author is grateful to V.E. Tret’ iakov for making the calculations,
oscillograms and diagrams given in this section, and to Iu.Sh.Gurevich
for programming the computer "Ural 1",
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